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SUMMARY

Among numerous finite element techniques, few models can perfectly (without any numerical problems)
break through MacNeal’s theorem: any 4-node, 8-DOF membrane element will either lock in in-plane bend-
ing or fail to pass a C0 patch test when the element’s shape is an isosceles trapezoid. In this paper, a 4-node
plane quadrilateral membrane element is developed following the unsymmetric formulation concept, which
means two different sets of interpolation functions for displacement fields are simultaneously used. The first
set employs the shape functions of the traditional 4-node bilinear isoparametric element, while the second
set adopts a novel composite coordinate interpolation scheme with analytical trail function method, in which
the Cartesian coordinates .x; y/ and the second form of quadrilateral area coordinates (QACM-II) .S; T /
are applied together. The resulting element US-ATFQ4 exhibits amazing performance in rigorous numerical
tests. It is insensitive to various serious mesh distortions, free of trapezoidal locking, and can satisfy both
the classical first-order patch test and the second-order patch test for pure bending. Furthermore, because of
usage of the second form of quadrilateral area coordinates (QACM-II), the new element provides the invari-
ance for the coordinate rotation. It seems that the behaviors of the present model are beyond the well-known
contradiction defined by MacNeal’s theorem. Copyright © 2015 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Although the finite element method has been widely used in engineering and scientific computa-
tions, there are still some challenges that remain outstanding. For nearly 60 years, numerous efforts
have been made to search for robust 4-node, 8-DOF (two DOFs per node) quadrilateral membrane
elements that can pass the first-order (constant strain/stress .C0/) patch test, remove parasitic shear
in second-order patch test for pure bending, overcome Poisson’s ratio stiffening, and are insensitive
to mesh distortion. However, in 1987, MacNeal [1, 2] declared his well-known theorem, that is, any
4-node, 8-DOF plane membrane element will either lock in in-plane bending or fail to pass a C0
patch test when the element’s shape is an isosceles trapezoid. This conclusion means such low-order
elements must be sensitive to mesh distortion, and it almost closes out further effort to extend the
linear strain capability of such elements beyond what has already been achieved for rectangular and
parallelogram shapes.
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MacNeal and Harder [3] proposed a famous benchmark test of thin beam bending to assess the
performances of various 4-node plane quadrilateral membrane elements. As shown in Figure 1, three
1�6meshes with different element shapes, rectangle, parallelogram and trapezoid, are adopted; and
two loading cases are considered: pure bending .M/ and transverse linear bending .P /. Although
the conventional 4-node bilinear isoparametric element Q4 with full integration (2�2 Gauss points)
can strictly pass all constant strain/stress patch tests, it will completely lock in this MacNeal’s thin
beam test because of the parasitic shear strains, no matter which mesh is used. In order to improve
the bending behaviors of Q4, Wilson et al. [4] proposed the incompatible isoparametric element Q6
by introducing two internal DOFs. It can produce greatly improved results in the MacNeal’s thin
beam test, especially in the rectangle case, in which the precisions can reach 100% and 99.3% for
loadings M and P , respectively. However, the fetal defect of the element Q6 is that it cannot pass
the constant strain/stress .C0/ patch tests and still lock in the trapezoid case. Taylor et al. [5] mod-
ified Q6 and constructed QM6 that can pass the C0 patch tests and keep the same accuracy in the
rectangle case. But the results in the parallelogram and trapezoid cases become much worse. The
commercial finite element code Abaqus [6] contains a 4-node incompatible plane quadrilateral ele-
ment CPS4I (for plane stress state) or CPE4I (for plane strain state) formulated by the assumed
strain method [7], whose performance is close to the element QM6. The user’s manual of Abaqus
[6] strongly suggests that such element be applied in bending problems only with rectangular shape.
Better results for parallelogram and trapezoidal element shapes may be obtained by some other
models, including the hybrid stress elements (P-S, NQ6, NQ10, SPS, and HH4-3ˇ) [8–13], the gen-
eralized conforming element (GC-Q6) [14], the quasi-conforming element (QC6) [15], the improved
enhanced strain elements (QE2 and QP6) [16–18], and the B-bar element [19]. But no element can
break the obstacle predicted by MacNeal’s theorem. Recently, by combination of finite element and
mesh-free techniques, Rajendran et al. [20, 21] proposed a ‘Finite Element (FE)–Meshfree’ 4-node
plane quadrilateral element that can perform well in MacNeal’s thin beam test and pass the C0 patch
test. But the formulations are much closer to the mesh-free methods and cannot be easily handled
by usual finite element codes.

All aforementioned models are formulated in an isoparametric coordinate system. Lee and Bathe
[22] have studied the influence of mesh distortions on the isoparametric membrane elements and
pointed out that the nonlinear transformation between isoparametric (local) and Cartesian (global)
coordinates may be the reason that leads to the sensitivity problem to mesh distortion. The assumed
displacement fields may contain high order terms of � and �, but their complete order in Cartesian
coordinates x and y will degrade significantly once the meshes are distorted. Therefore, although
keeping compatibility between two adjacent elements formulated by the Cartesian coordinates may
be difficult, the potential abilities of the Cartesian coordinates for constructing finite elements are
still paid attention to. Felippa [23] designed a template formulation for 4-node plane quadrilateral
element by combination of Cartesian and isoparametric coordinates. It is interesting that this element
can give exact bending results for arbitrary distortions and still satisfy the C0 patch test. But, those
exact bending solutions only appear in one direction and cannot be presented in other directions.
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Figure 1. MacNeal’s thin beam test [3]. Plane stress: (a) E D 107; (b) � D 0:3; and (c) t D 0:1. Plane
strain: (a) E D 107; (b) � D 0:49, 0:499, 0:4999, 0:49999; and (c) t D 0:1.
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Hence, it will not be able to meet the requirements of the bending tests, and the practical value of
such element is rather limited [24]. Dasgupta [25, 26] proposed a 4-node, 8-DOF plane element
with shape functions in Cartesian or physical coordinates and claimed that this element is free of
trapezoidal locking, satisfies both the C0 patch test and the pure bending test. However, Fotiu [24]
strictly proved that all these conclusions are wrong. Actually, if the basis polynomials in Cartesian
coordinates are not complete, the element will lose the invariance for the coordinate rotation. This
is the key reason why these elements failed.

In order to avoid the troubles caused by the nonlinear transformation between the isoparametric
and Cartesian coordinates, Long et al. [27–30] extended the area coordinate method from trian-
gle to quadrangle, systematically established three forms of quadrilateral area coordinate methods
(QACM-I, QACM-II, and QACM-III). These quadrilateral area coordinate systems possess two dis-
tinguished features: (1) they are all local natural coordinate systems, which mean all advantages of
the natural coordinates will exist in them; and (2) the relationships between quadrilateral area and
Cartesian coordinates are always linear, so that no accuracy will be lost because of the coordinate
transformation. By applying these new natural coordinates, several 4-node, 8-DOF plane membrane
elements were developed [29–36], in which elements AGQ6-I and AGQ6-II [31] are the first two
and the most representative models. AGQ6-I and AGQ6-II were constructed by combination of
QACM-I and the techniques for element Q6 [4]. Unlike element Q6, they are free of trapezoidal
locking in the second-order patch test for pure bending and can produce the same high precision
results for MacNeal’s thin beam test with all three meshes. Because of such excellent behaviors in
bending problems, the formulations of these two elements have been extended to some linear and
nonlinear shell applications [37–40]. However, as the prediction of MacNeal’s theorem, the two ele-
ments cannot strictly pass the C0 patch test (only pass the weak form of the C0 patch test [31]). So,
their convergence raised some queries and discussions [41–43]. Chen et al. [44] imposed some con-
straints on the elements to make them pass the C0 patch test, but the trapezoidal locking in bending
comes back.

Prathap et al. [43, 45] pointed out that the unsymmetric element approach proposed by Rajendran
et al. [46–51] may offer some hope to develop distortion-immune finite elements. This approach
is derived from the virtual work principle and needs two different sets of shape functions, para-
metric set (in isoparametric coordinates), and metric set (in Cartesian coordinates), as the test and
trial functions, respectively. The former are chosen to satisfy exactly the minimum inter-element
as well as intra-element displacement continuity requirements, while the latter are chosen to sat-
isfy the equilibrium relations and the completeness requirements in physical space. Although the
resulting element stiffness matrix becomes unsymmetric, it has been shown that this is not a serious
issue for most problems [46–51]. Because there is no Jacobian determinant in the final formula for
evaluating the element stiffness matrix, the resulting elements are quite insensitive to severe mesh
distortion. For example, the unsymmetric 8-node plane element US-QUAD8 [46] can provide exact
solutions for constant (first-order) and linear (second-order) strain/stress problems using various
distorted meshes with straight or curved element edges, even if the value of Jacobian determinant
is negative. However, because of the inherent limitation of the usual metric shape functions, inter-
polation failure may take place when the element shape is distorted from a quadrangle to a triangle,
and rotational frame dependence appears in higher-order problems because the metric shape func-
tions are incomplete cubic polynomials in Cartesian coordinates. Although some remedies to this
element have been considered for solving these difficulties [52], all of them are not convenient and
effective for practical applications. Through introducing analytical trial functions and generalizing
conforming conditions, Cen et al. [53] developed a new unsymmetric 8-node element US-ATFQ8
with fourth-order completed metric displacement fields in Cartesian coordinates. This element can
overcome all the defects of US-QUAD8 and even produce exact solutions in linear bending prob-
lems (third-order patch test). But for 4-node, 8-DOF element, there is no successful model reported
in any literature yet, because eight DOFs cannot determine a second-order (quadratic) completed
metric displacement field.

In this paper, the effort for breaking through MacNeal’s theorem is made again. A 4-node plane
quadrilateral membrane element is developed following the unsymmetric formulation concept.
The parametric set employs the shape functions of the traditional 4-node bilinear isoparametric
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element, while the metric set adopts a novel composite coordinate interpolation scheme, in which
.1; x; y/ and two analytical solutions in terms of QACM-II .S; T / for pure bending are applied
together. The resulting element US-ATFQ4 exhibits amazing performance in rigorous numerical
tests. It is insensitive to various serious mesh distortions, free of trapezoidal locking and Pois-
son’s ratio stiffening, and can satisfy both the classical first-order patch test and the second-order
patch test for pure bending. Furthermore, because of usage of the local natural coordinate sys-
tem QACM-II, the new element provides the invariance for the coordinate rotation. It seems that
the behaviors of the proposed model are truly beyond the well-known contradiction defined by
MacNeal’s theorem.

2. QACM-II AND THE ANALYTICAL SOLUTIONS IN TERMS OF QACM-II FOR
PURE BENDING

2.1. Brief reviews on second form of quadrilateral area coordinate method (QACM-II) [29]

Reference [29] proposed a novel quadrilateral area coordinate system with only two components,
QACM-II, for developing quadrilateral finite element models. As shown in Figure 2, Mi .i D
1; 2; 3; 4/ are the mid-side points of element edges 23; 34; 41; and 12, respectively. Then, the posi-
tion of an arbitrary point P within the quadrilateral element 1234 can be uniquely specified by the
area coordinates S and T (QACM-II), which are defined as

S D 4
�1

A
; T D 4

�2

A
; (1)

where A is the area of the quadrilateral element, �1 and �2 are the generalized areas of �PM2M4

and �PM3M1, respectively. The values of generalized areas �1 and �2 can be both positive and
negative for �PM2M4 (or �PM3M1/, if the permutation order of points P, M2, and M4 (or P, M3,
and M1/ is anticlockwise, a positive �1 (or �2/ should be taken; otherwise, �1 (or �2/ should
be negative.

Two shape parameters Ng1 and Ng2 are defined here as

8̂̂<
ˆ̂:
Ng1 D

A�123 � A�124

A

Ng2 D
A�234 � A�123

A
D
A � A�124 � A�123

A

; (2)

in which A�123; A�124, and A�234 are the areas of �123;�124, and �234, respectively. Different
values of these shape parameters mean different shapes of a quadrangle. Thus, the local coordinates

Figure 2. Definition of the quadrilateral area coordinates S and T of the second form of quadrilateral area
coordinate method (QACM-II) [29].
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of the corner nodes and mid-side points can be written as follows:

node 1 W .S1; T1/ D .�1C Ng2; �1C Ng1/ I node 2 W .S2; T2/ D .1 � Ng2; 1 � Ng1/ I
node 3 W .S3; T3/ D .1C Ng2; 1C Ng1/ I node 4 W .S4; T4/ D .�1 � Ng2; �1 � Ng1/ I
M1 W .1; 0/I M2 W .0; 1/I
M3 W .�1; 0/I M4 W .0; �1/:

(3)

It can be observed that these coordinate values are only small modifications for isoparametric
coordinates.

The relationship between QACM-II and the Cartesian coordinates is´
S D 1

A
Œ.a3 � a1/C .b3 � b1/x C .c3 � c1/y�C Ng1 D

1
A

�
Na1 C Nb1x C Nc1y

�
C Ng1

T D 1
A
Œ.a4 � a2/C .b4 � b2/x C .c4 � c2/y�C Ng2 D

1
A

�
Na2 C Nb2x C Nc2y

�
C Ng2

; (4)

where ´
Na1 D a3 � a1; Nb1 D b3 � b1; Nc1 D c3 � c1;

Na2 D a4 � a2; Nb2 D b4 � b2; Nc2 D c4 � c2;
(5)

ai D xjyk � xkyj ; bi D yj � yk; ci D xk � xj ;

.i D 1; 2; 3; 4I j D 2; 3; 4; 1I k D 3; 4; 1; 2/
(6)

in which .xi ; yi /.i D 1; 2; 3; 4/ are the Cartesian coordinates of the four corner nodes. The linear
relationship between QACM-II and Cartesian coordinates is clearly illustrated.

And the relationship between QACM-II and isoparametric coordinates is´
S D � C Ng2��

T D �C Ng1��
: (7)

It can be seen that the new area coordinates S and T will degenerate to be the isoparametric
coordinates � and � for rectangular element cases.

The transformation of first-order derivatives is´
@
@x

@
@y

μ
D
1

A

"
Nb1 Nb2

Nc1 Nc2

#´
@
@S

@
@T

μ
: (8)

And the transformation of second-order derivatives is8̂̂
<
ˆ̂:

@2

@x2

@2

@y2

@2

@x@y

9>>=
>>; D

1

A2

2
64
Nb21

Nb22 2 Nb1 Nb2

Nc21 Nc22 2 Nc1 Nc2

Nb1 Nc1 Nb2 Nc2 Nb1 Nc2 C Nb2 Nc1

3
75
8̂̂
<
ˆ̂:

@2

@S2

@2

@T 2

@2

@S@T

9>>=
>>; : (9)

Other proofs and formulae can be found in [29].

2.2. The basic analytical solutions in terms of second form of quadrilateral area coordinate
method (QACM-II) for pure bending

Just as the Trefftz finite element method [54] and the hybrid stress-function element method pro-
posed recently [55–60], the fundamental analytical solutions of governing equations in elasticity
can be used as the trial functions to improve the performance of a finite element model.

In plane problem, the stress components can be expressed by the Airy stress function � as follows:

	x D
@2�

@y2
; 	y D

@2�

@x2
; 
xy D �

@2�

@x@y
: (10)
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Then, the strains can be obtained by the stress–strain relation (generalized Hooke law)

© D

8<
:
"x
"y
�xy

9=
; D 1

E 0

2
4 1 ��0 0

��0 1 0

0 0 2.1C �0/

3
5
8<
:
	x
	y

xy

9=
; D C� ; for isotropic caseI (11a)

© D

8̂<
:̂
"x

"y

�xy

9>=
>; D

2
664
OC11 OC12 OC16

OC21 OC22 OC26

OC61 OC62 OC66

3
775
8̂<
:̂
	x

	y


xy

9>=
>; D C� ; for anisotropic case; (11b)

where C is the elasticity matrix of compliances; E 0 D E and �0 D � for plane stress problem,
whereas E 0 D E=.1 � �2/ and �0 D �=.1 � �/ for plane strain problem, in which E and �
are Young’s modulus and Poisson’s ratio, respectively; OCij .i; j D 1; 2; 6/ are the reduced elastic
compliances, and their definitions can be found in [56].

By integrating the following geometrical equations:

@u

@x
D "x ;

@v

@y
D "y ;

@u

@y
C
@v

@x
D �xy ; (12)

the displacements u and v can be obtained.
Substituting Equations (10) and (11) into the following compatibility equation of plane problem

@2"x

@y2
C
@2"y

@x2
D
@2�xy

@x@y
; (13)

yields

r4� D
@4�

@x4
C 2

@4�

@x2@y2
C
@4�

@y4
D 0 (14a)

for isotropic case, or

OC11
@4�

@y4
C OC22

@4�

@x4
C
�
2 OC12 C OC66

� @4�

@x2@y2
� 2 OC16

@4�

@x@y3
� 2 OC26

@4�

@x3@y
D 0 (14b)

for anisotropic case. For any analytical solution of � that satisfies Equation (14), the resulting
stresses, strains, and displacements will automatically satisfy all homogeneous governing equations
(the boundary conditions are not considered). Reference [53] gave the first 18 linearly independent
analytical solutions (from constant to fifth-order terms) of � and related stresses and displace-
ments in terms of Cartesian coordinates for isotropic case, in which the displacement terms reach
fourth-order completeness. Reference [56] gives 23 linearly independent analytical solutions (from
quadratic to seventh-order terms) of � and related stresses in terms of Cartesian coordinates for
anisotropic case, in which the stress terms reach fifth-order completeness. Because the relationship
between QACM-II and Cartesian coordinate system is linear, the solutions in terms of the QACM-II
can be easily obtained. Reference [35] presented the first 10 linearly independent analytical solu-
tions (from constant to cubic terms) of � and related strains and displacements in terms of QACM-II
for isotropic case, in which the displacement terms reach second-order completeness. These solu-
tions or terms can be used as the basis functions of the interpolation formulae for assumed stresses,
strains, and displacements in finite element formulations, so that they are called the basic analytical
solutions here.

It is well known that � D a0y3 (a0 is an undetermined coefficient) is the stress function for
solving the pure bending problem of a rectangular beam shown in Figure 3(a). So, the basis func-
tion (basic analytical solution) for the stress function � is y3. Similarly, for the beam shown in
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(a) (b) (c)

Figure 3. Pure bending problems and their stress functions. (a) � D a0y3, � D a00T 3; (b) � D b0x3,
� D b00S3; and (c) � D a00T 3 C b00S3.

Figure 3(b), the basic analytical solution for the stress function � is x3. But these solutions and
resulting stresses are only correct in one direction. Once the coordinate axes rotate, the exact-
ness will be lost (Figure 3(c)). This is because the basis functions for pure bending are not
complete (1; x; y; x2y and xy2 are missing), even the linear combination of .a0y3 C b0x3/ can-
not keep the exactness so long as the beam is not along x-direction and y-direction. That is
to say, if the exact solutions for pure bending can be kept in all directions, four cubic basic
analytical solutions (x3; y3; x2y; and xy2/ of the stress function must be all adopted. This
brings great difficulty for developing 4-node, 8-DOF element, in which six DOFs (three DOFs
for each direction) must be used for determining rigid and linear displacements, and only two
DOFs are left.

The aforementioned difficulty may be broken by usage of the QACM-II (S and T / as follows:

(i) Both S3 and T 3 satisfy Equation (14). So, they are the basic analytical solutions of the stress
function �.

(ii) From Equation (4), it can be easily proved that T will degenerate into y for the configuration
of Figure 3(a). Therefore, T 3 is also the basic analytical solution of the stress function for
pure bending defined in Figure 3(a). Similarly, because S will degenerate into x for the
configuration of Figure 3(b), S3 is also the basic analytical solution of the stress function for
pure bending defined in Figure 3(b).

(iii) The QACM-II, S and T , are the local natural coordinates, which mean they should possess
invariance in two-dimensional space, no matter how the Cartesian coordinate axes rotate.

(iv) From Equation (4), it can be observed that S3 and T 3 will contain not only the terms of
x3; y3; x2y; and xy2 but also the terms of constant, x; y; x2; y2, and xy.

Hypothesis: According to the aforementioned points (i), (ii), (iii), and (iv), the linear combination
� D a00T 3 C b00S3 (in which a00 and b00 are two undetermined coefficients) may reflect exact solu-
tions for pure bending in all directions. That is, S3 and T 3 should represent all the basic analytical
solutions of the stress function for pure bending.

This hypothesis will be fully tested by numerical examples in Section 4. Thus, two DOFs are
enough to determine the assumed displacements for pure bending. Following Equations (10)–(12),
the resulting basic analytical solutions of stresses, strains, and displacements corresponding to the
pure bending state can be obtained.

Let

f1 D Nb
2
1 C Nc

2
1 ; f2 D Nb

2
2 C Nc

2
2 ; f3 D Nb1 Nb2 C Nc1 Nc2: (15)

(1) For �7 D S3 (S3 is the seventh basic analytical solution of � [35])
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� Isotropic case

Stresses:

	x7 D
6 Nc21
A2

S; 	y7 D
6 Nb21
A2

S; 
xy7 D �
6 Nb1 Nc1

A2
S I (16)

Strains:

"x7 D
6

EA2

��
Nc21��

Nb21
�
S
�
; "y7 D

6

EA2

��
Nb21�� Nc

2
1

�
S
�
; �xy7 D �

12.1C�/ Nb1 Nc1

EA2
S I

(17)

Displacements:

8̂̂
<
ˆ̂:
U7D

3

16EA3

��
4 Nc21 Nc2A� Nc

2
1
Nb2f3 � Nb1 Nb

2
2f1� 16

Nb1�A
2
�
S2C2 Nb2f

2
1 ST �

Nb1f
2
1 T

2
�

V7D
3

16EA3

��
�4 Nb21

Nb2A � Nb
2
1 Nc2f3 � Nc1 Nc

2
2f1�16 Nc1�A

2
�
S2C2 Nc2f

2
1 ST � Nc1f

2
1 T

2
� :

(18)

� Anisotropic case

Stresses:

	x7 D
6 Nc21
A2

S; 	y7 D
6 Nb21
A2

S; 
xy7 D �
6 Nb1 Nc1

A2
S I (19)

Strains: 8̂̂
ˆ̂̂̂<
ˆ̂̂̂̂
:̂

"x7 D
6

A2

h�
Nc21
OC11 C Nb

2
1
OC12 � Nb1 Nc1 OC16

�
S
i

"y7 D
6

A2

h�
Nc21
OC21 C Nb

2
1
OC22 � Nb1 Nc1 OC26

�
S
i
I

�xy7 D
6

A2

h�
Nc21
OC61 C Nb

2
1
OC62 � Nb1 Nc1 OC66

�
S
i (20)

Displacements:

U7 D
3

16A3

°h
Nc21 Nc2

�
4A� Nb2 Nc1

�
OC11 � Nb

3
1
Nb22
OC22 C 16 Nb1A

2 OC12 � Nb1 Nb
2
2 Nc
2
1

�
OC12 C OC21 C OC66

�
�16 Nc1A

2 OC16 C Nb
2
2 Nc
3
1

�
OC16 C OC61

�
C Nb21

Nb22 Nc1

�
OC26 C OC62

�i
S2 C

h
2 Nb2 Nc

4
1
OC11

C 2 Nb41
Nb2 OC22 C 2 Nb

2
1
Nb2 Nc

2
1

�
OC12 C OC21 C OC66

�
� 2 Nb1 Nb2 Nc

3
1

�
OC16 C OC61

�
�2 Nb31

Nb2 Nc1

�
OC26 C OC62

�i
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�i
T 2

±
;

(21a)

V7 D
3

16A3

°h
�Nc31 Nc

2
2
OC11 � Nb

2
1
Nb2

�
4AC Nb1 Nc2

�
OC22 C 16 Nc1A

2 OC21 � Nb
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1 Nc1 Nc
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2

�
OC12

C OC21 C OC66

�
� 16 Nb1A

2 OC26 C Nb
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2

�
OC26 C OC62

�
C Nb1 Nc
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�
OC16 C OC61

�i
S2
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h
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OC11 C 2 Nb
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�
OC12 C OC21 C OC66
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�
OC16 C OC61

�
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�
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OC22 � Nb

2
1 Nc
3
1

�
OC12 C OC21 C OC66

�
CNb1 Nc

4
1

�
OC16 C OC61

�
C Nb31 Nc

2
1

�
OC26 C OC62

�i
T 2
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: (21b)
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(2) For �8 D T 3 (T 3 is the eighth basic analytical solution of � [35])
� Isotropic case

Stresses:

	x8 D
6 Nc22
A2

T; 	y8 D
6 Nb22
A2

T; 
xy8 D �
6 Nb2 Nc2

A2
T I (22)

Strains:

"x8 D
6

EA2

��
Nc22 � �

Nb22
�
T
�
; "y8D

6

EA2

��
Nb22 � � Nc

2
2

�
T
�
; �xy8D�

12.1C �/ Nb2 Nc2

EA2
T I

(23)

Displacements:8̂̂<
ˆ̂:
U8D
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16EA3

�
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2 ST �

�
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1f2C16 Nc2�A

2
�
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� :

(24)

� Anisotropic case
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6 Nb22
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T; 
xy8 D �
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:
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3. CONSTRUCTION OF A NEW UNSYMMETRIC 4-NODE, 8-DOF ELEMENT US-ATFQ4

Consider a 4-node plane quadrilateral element, as shown in Figure 4. Nodes 1, 2, 3, and 4 are the
corner nodes; .xi ; yi /.i D 1; 2; 3; 4/ are the Cartesian coordinates of the four corner nodes; ui and
vi .i D 1; 2; 3; 4/ are the nodal displacements along x-direction and y- direction, respectively. The
element nodal displacement vector qe is given in

qe D
�
u1 v1 u2 v2 u3 v3 u4 v4

�T
: (28)

Two sets of the assumed displacement fields are considered. The first set is the parametric
displacement fields and assumed as

Nu D
²
Nu
Nv

³
D NNqe; (29)

where

NN D

"
NN1 0 NN2 0 NN3 0 NN4 0

0 NN1 0 NN2 0 NN3 0 NN4

#
; (30)

with 8̂̂̂
ˆ̂̂̂̂
ˆ̂<
ˆ̂̂̂̂
ˆ̂̂̂̂
:

NN1 D
1

4
.1 � �/.1 � �/

NN2 D
1

4
.1C �/.1 � �/

NN3 D
1

4
.1C �/.1C �/

NN4 D
1

4
.1 � �/.1C �/

: (31)

Obviously, they are just the displacement fields of the traditional 4-node bilinear isoparametric
element Q4 and satisfy exactly the minimum inter-element as well as intra-element displacement
continuity requirements. Then, the corresponding strain fields are

N© D

8<
:
N"x
N"y
N�xy

9=
; D NBqe; (32)

where NB is the strain matrix, and

NB D

2
64
NN1;x 0 NN2;x 0 NN3;x 0 NN4;x 0

0 NN1;y 0 NN2;y 0 NN3;y 0 NN4;y
NN1;y NN1;x NN2;y NN2;x NN3;y NN3;x NN4;y NN4;x

3
75 D 1

jJj
NB�; (33)

Figure 4. A 4-node plane quadrilateral element.
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with

NB� D
�
NB�1 NB

�
2
NB�3 NB

�
4

�
; (34)

NB�i D

2
666666664

@y

@�

@ NNi

@�
�
@y

@�

@ NNi

@�
0

0 �
@x

@�

@ NNi

@�
C
@x

@�

@ NNi

@�

�
@x

@�

@ NNi

@�
C
@x

@�

@ NNi

@�

@y

@�

@ NNi

@�
�
@y

@�

@ NNi

@�

3
777777775
; .i D 1; 2; 3; 4/; (35)

x D

4X
iD1

NNixi ; y D

4X
iD1

NNiyi ; (36)

and jJj is the Jacobian determinant,

jJj D
@x

@�

@y

@�
�
@x

@�

@y

@�
: (37)

The second set of displacement fields is assumed as follows:

Ou D
²
Ou
Ov

³
D P˛ D

�
1 0 x 0 y 0 U7 U8
0 1 0 x 0 y V7 V8

	
8̂̂̂
<̂
ˆ̂̂̂:

˛1
˛2
˛3
:::

˛8

9>>>>=
>>>>;
; (38)

where ˛i (i D 1–8) are eight undetermined coefficients; U7; V7; U8, and V8 are the displacement
solutions derived from �7 D S3 and �8 D T 3, respectively. U7 and V7 are given in Equation (18)
or (21), and U8 and V8 are given in Equation (24) or (27). This is a typical analytical trial
function method.

Substitution of Cartesian and quadrilateral area coordinates of four nodes into Equation (38)
yields

Od˛ D qe; (39)

in which

Od D

2
664

P.x1; y1; S1; T1/
P.x2; y2; S2; T2/
P.x3; y3; S3; T3/
P.x4; y4; S4; T4/

3
775 D

2
66666666666664

1 0 x1 0 y1 0 U7.S1; T1/ U8.S1; T1/

0 1 0 x1 0 y1 V7.S1; T1/ V8.S1; T1/

1 0 x2 0 y2 0 U7.S2; T2/ U8.S2; T2/

0 1 0 x2 0 y2 V7.S2; T2/ V8.S2; T2/

1 0 x3 0 y3 0 U7.S3; T3/ U8.S3; T3/

0 1 0 x3 0 y3 V7.S3; T3/ V8.S3; T3/

1 0 x4 0 y4 0 U7.S4; T4/ U8.S4; T4/

0 1 0 x4 0 y4 V7.S4; T4/ V8.S4; T4/

3
77777777777775
: (40)

Then, ˛i .i D 1~8/ can be solved by

˛ D Od�1qe: (41)
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It is interesting that, so long as the element nodes are not in coincidence with each other, the matrix
Od is hardly singular for various element shapes. Thus, the assumed displacement fields can be
rewritten as

Ou D
²
Ou
Ov

³
D P˛ D P Od�1qe: (42)

Substitution of Equation (42) into (12) yields the element strains

O© D

8<
:
O"x
O"y
O�xy

9=
; D QP Od�1qe D OBqe; (43)

where OB D QP Od�1 is the strain-displacement matrix, and

QP D

2
4 0 0 1 0 0 0 "x7 "x8

0 0 0 0 0 1 "y7 "y8

0 0 0 1 1 0 �xy7 �xy8

3
5 ; (44)

in which "xi ; "yi , and �xyi .i D 7; 8/ are the strain solutions derived from �7 D S3 and �8 D T 3,
respectively. "x7; "y7, and �xy7 are given in Equation (17) or (20), and "x8; "y8, and �xy8 are given
in Equation (23) or (26).

Then, according to the constitutive relations, the corresponding stresses can be obtained

O¢ D

8<
:
O	x
O	y
O
xy

9=
; D DO© D D OBqe D D QP Od�1qe D OP Od�1qe D OSqe; (45)

where D is the elasticity matrix,

D D

2
64
OD11 OD12 OD16
OD21 OD22 OD26
OD61 OD62 OD66

3
75 D C�1 D

2
64
OC11 OC12 OC16
OC21 OC22 OC26
OC61 OC62 OC66

3
75
�1

; (46)

in which ODij .i; j D 1; 2; 6/ are the reduced elastic moduli; OS D OP Od�1 is the stress matrix; and

OP D

2
64
0 0 OD11 OD16 OD16 OD12 	x7 	x8

0 0 OD21 OD26 OD26 OD22 	y7 	y8

0 0 OD61 OD66 OD66 OD62 
xy7 
xy8

3
75 ; (47)

	xi ; 	yi , and 
xyi .i D 7; 8/ are the stress solutions derived from �7 D S3 and �8 D T 3, respec-
tively. 	x7; 	y7, and 
xy7 are given in Equation (19) (same as in Equation (16)); 	x8; 	y8, and

xy8 are given in Equation (25) (same as in Equation (22)). For isotropic case, OP can be rewritten
as follows:

OP D

2
6664
0 0 E 0

1��0
2 0 0 �0E 0

1��0
2 	x7 	x8

0 0 �0E 0

1��0
2 0 0 E 0

1��0
2 	y7 	y8

0 0 0 E 0

2.1C�0/
E 0

2.1C�0/
0 
xy7 
xy8

3
7775 : (48)
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Based on the virtual work principle [46], the final element stiffness matrix can be written as
[46, 47, 53]

Ke D

ZZ
Ae

NBTD OBtdA D
Z 1

�1

Z 1

�1

NB�
T

jJj
D OB jJj td�d�

D

Z 1

�1

Z 1

�1

NB�
T
D OBtd�d� D

Z 1

�1

Z 1

�1

NB�
T OStd�d�

D

Z 1

�1

Z 1

�1

NB�
T OP Od�1td�d�

; (49)

where t is the thickness of element, and all formulations can be expressed in terms of isoparametric
coordinates � and � by using Equations (7) and (36). Furthermore, it can be seen that there is no Jaco-
bian determinant existing Equation (49). The full integration scheme for evaluating Equation (49) is
2 � 2. The detailed derivation of Equation (49) is given in the appendix.

The equivalent nodal load vector is determined by the same procedure for the isoparametric
bilinear element Q4. And the stress results at any point can be directly evaluated by substitut-
ing the isoparametric, or Cartesian, or even area coordinates of this point within an element into
Equation (45).

This new model is denoted as US-ATFQ4.

4. NUMERICAL EXAMPLES

In this section, the performance of the new element US-ATFQ4 will be fully tested by almost
all severe benchmark problems that can be found in literatures. The computer program with dou-
ble precision for element US-ATFQ4 was compiled by using Fortran90 language and executed
under Microsoft Visual Studio 2008 platform. And results solved by other 30 4-node quadrilateral
elements listed in Table I are also given for comparison.

4.1. Constant stress/strain problems (C0 patch test)

Example 4.1.1 Conventional constant stress/strain patch test using extremely distorted meshes
(Figure 5). As shown in Figure 5, three meshes are used to compute a plane stress patch under
constant stress/strain state. Some elements in Meshes B and C are so distorted that their shapes
have degenerated into triangles and concave quadrangles, respectively. The displacement fields
corresponding to the constant strain are

u D 10�3.x C y=2/; v D 10�3.y C x=2/: (50)

And the corresponding exact stress solutions are

	x D 	y D 1333:3333; 
xy D 400:0: (51)

The displacements, obtained in Equation (50), of the boundary nodes are imposed as the displace-
ment boundary conditions. Table II shows the results presented by the new element US-ATFQ4.
It can be observed that, no matter the shapes of the elements are convex or concave, the exact
results of the displacements and the stresses at each node can be obtained. In fact, the exact stresses
at any point (by substituting the Cartesian coordinates into Equation (45)) can also be obtained.
It is undoubted that the element US-ATFQ4 can strictly pass this test, even with the extremely
distorted shapes.

Elements Q6 [4], AGQ6-I [31], AGQ6-II [31], QACII6 [29], QAC-ATF4 [35], and QACIII6 [30]
cannot pass this patch test.
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Figure 5. Conventional constant strain/stress patch test.

Table II. Results of US-ATFQ4 for the conventional constant stress/strain patch test (Figure 5).

Cartesian coordinate Result (exact solution)

Mesh Node x y u v 	x 	y 
xy

5 0.04 0.02 0:500 � 10�4 0:400 � 10�4 1333.333 1333.333 400.0
Mesh A 6 0.18 0.03 0:195 � 10�3 0:120 � 10�3 1333.333 1333.333 400.0
convex 7 0.16 0.08 0:200 � 10�3 0:160 � 10�3 1333.333 1333.333 400.0

8 0.07 0.09 0:115 � 10�3 0:125 � 10�3 1333.333 1333.333 400.0

5 0.04 0.02 0:500 � 10�4 0:400 � 10�4 1333.333 1333.333 400.0
Mesh B 6 0.20 0.04 0:220 � 10�3 0:140 � 10�3 1333.333 1333.333 400.0
triangular 7 0.16 0.08 0:200 � 10�3 0:160 � 10�3 1333.333 1333.333 400.0

8 0.12 0.06 0:150 � 10�3 0:120 � 10�3 1333.333 1333.333 400.0

5 0.04 0.02 0:500 � 10�4 0:400 � 10�4 1333.333 1333.333 400.0
Mesh C 6 0.18 0.03 0:195 � 10�3 0:120 � 10�3 1333.333 1333.333 400.0
concave 7 0.16 0.08 0:200 � 10�3 0:160 � 10�3 1333.333 1333.333 400.0

8 0.15 0.05 0:175 � 10�3 0:125 � 10�3 1333.333 1333.333 400.0

Example 4.1.2 The constant stress/strain strong patch test (Figure 6). Figure 6 shows a two element
patch test (plane stress state) with axial loads applied at the free end of a cantilever beam. All
geometric and material parameters are also given in Figure 6. The distortion parameter e can be
used to move from a rectangular division to a highly distorted mesh division. The exact solutions
for stresses are 	x D 0:5; 	y D 0; and 
xy D 0. And the exact axial displacement at the loaded end,
that is, nodes A and B, should be u D 0:06667.

The new element US-ATFQ4 can present exact solutions for both displacements and stresses at
any nodes and points. The normalized axial displacement results at nodes A and B with different e
are shown in Table III. It can be seen that element AGQ6-II [31, 43] cannot pass this test.

4.2. Pure bending tests

Example 4.2.1 Cantilever beam divided by two elements containing a parameter of distortion
(Figure 7). As shown in Figure 7, a pure bending moment is applied at the free end of a cantilever
beam by using a couple. The geometric, material, and mesh conditions for the cantilever beam are
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Figure 6. Constant stress/strain strong patch test with two elements.

Table III. Normalized axial displacement results at the free end of a cantilever
beam (Figure 6).

e 0 0.5 1 2 3 4 4.9

US-ATFQ4 1.000 1.000 1.000 1.000 1.000 1.000 1.000
AGQ6-I [31, 43] 1.000 — 1.000 1.000 1.000 1.000 —
AGQ6-II [31, 43] 1.000 — 1.054 1.225 1.544 2.084 —

Data in bold are the results obtained by the models proposed in this paper.

Figure 7. Pure bending patch test with two elements.

also given in Figure 7, in which e is a parameter of distortion. This is a famous benchmark for
testing the sensitivity to the mesh distortion. The exact solutions for stresses and displacements are
	x D �3000y C 3000; 	y D 0; 
xy D 0; u D 2x.1 � y/; v D x

2 C 0:25y2 � 0:5y.
When e varies from 0 to 5 .0 6 e < 0:5/, the new element US-ATFQ4 can present exact solutions

for both displacements at each node and stresses at any point. Results of the tip deflection vA (the
exact value is 100) at point A are listed in Table IV. Besides the present element, the solutions
obtained by other 19 models are also given for comparison. Among the elements that can pass the
C0 patch test, US-ATFQ4 is the only model that can perfectly pass this pure bending patch test.

Example 4.2.2 Pure bending for a cantilever beam with different meshes (Figure 8). Although the
new element US-ATFQ4 passes the pure bending patch test given in the last example, it cannot be
expected to present exact pure bending solutions for all conditions. This is because the trial functions
used in Equation (38) are not complete in quadratic terms of QACM-II. .U7; V7/ and .U8; V8/ are
only corresponding to the pure bending solutions of the stress functions � D S3 and � D T 3,
respectively. But the terms corresponding to � D S2T and � D ST 2 are missing. This example
[22], which is usually adopted for testing 8-node element, will show the performance of the new
element using various meshes for pure bending problem.

As shown in Figure 8, a cantilever beam under plane stress condition is subjected to a constant
bending moment M . The theoretical solutions for this problem are given in [65]

	x D
240

c
y � 120; 	y D 0; 
xy D 0I (52)

u D �
120

E
x C

240

cE
xy; v D

36

E
y �

120

cE
x2 �

36

cE
y2: (53)
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Table IV. Results of the tip deflection vA of a pure bending cantilever beam with a distorted parameter e
(Figure 7).

e

Element model 0 0.5 1 2 3 4 4.9

Elements Q6 [4] 100 93.21 86.89 92.67 102.42 110.52 116.6
that AGQ6-I [31] 100 100 100 100 100 100 100
cannot AGQ6-II [31] 100 100 100 100 100 100 100
pass the QACII6 [29] 100 100 100 100 100 100 100
C0 patch QAC-ATF4 [35] 100 100 100 100 100 100 100
test QACIII6 [30] 100 100 100 100 100 100 100

Q4 28.0 21.0 14.1 9.7 8.3 7.2 6.2
QM6 [5] 100 80.9 62.7 54.4 53.6 51.2 46.8
P-S [8] 100 81.0 62.9 55.0 54.7 53.1 49.8
SPS [12] — — 110.0 120.5 132.7 147.1 162.6
SYHP [12] — — 110.0 120.5 132.8 147.5 163.3

Elements CPS4I [6] 100 73.53 56.16 50.31 50.38 49.39 46.58
that can QE2 [16] 100 81.2 63.4 56.5 57.5 57.9 56.9
pass the NB-QE4 [19] 100 81.2 63.4 56.5 57.5 57.9 56.9
C0 patch QACM4 [32] 100 83.8 66.5 60.1 61.4 60.3 56.0
test CQAC6 [30] 100 83.8 66.5 60.1 61.4 60.3 56.0

F-M QUAD4-P [20] 9.85 9.94 10.22 11.08 12.00 12.64 12.88
F-M QUAD4-R [21] 99.28 99.28 99.28 99.28 99.28 99.29 99.29
HSF-Q4� -7ˇ [57] 100 99.93 99.47 95.95 87.14 71.87 52.47
US-ATFQ4 100 100 100 100 100 100 100

Exact 100 100 100 100 100 100 100

Data in bold are the results obtained by the models proposed in this paper.

Figure 8. Pure bending problems and meshes for a cantilever beam.
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Table V. Results at selected locations for the pure bending problem (Figure 8).

Q4 CPS4I [6] US-ATFQ4 Exact

	x (0,10) 3.3333 120.00 120.00 120.0
Mesh 1 	x (0,0) �3.3333 �120.00 �120.00 �120.0

v.100; 0/ � 103 �0.30333 �12.00 �12.00 �12.0

	x (0,10) 2.2871 59.068 120.00 120.0
Mesh 2 	x (0,0) �6.8328 �59.068 �120.00 �120.0

v.100; 0/ � 103 �0.30511 �3.9319 �12.000 �12.0

	x (0+,10) 2.6056 14.892 119.30 120.0
	x (0,10�) 0.83967 18.443 120.64 120.0

Mesh 3 	x (0,0+) �0.84182 �12.225 �118.45 �120.0
	x (0+,0) �2.5956 �17.042 �121.10 �120.0

v.100; 0/ � 103 �0.28193 �1.5813 �11.504 �12.0

	x (0,10) 5.7019 90.960 103.75 120.0
Mesh 4 	x (0,0) �5.7019 �90.960 �103.75 �120.0

v.100; 0/ � 103 �0.72369 �7.6926 �12.695 �12.0

	x (0,10) 140.31 120.0
Mesh 5 	x (0,0) Failed Failed �96.025 �120.0

v.100; 0/ � 103 �11.969 �12.0

	x (0+,10) 2.4060 3.9425 130.04 120.0
	x (0,10�) 0.33859 �4.9271 118.50 120.0

Mesh 6 	x (0,0+) �0.13273 �21.167 �126.67 �120.0
	x (0+,0) �2.6335 �2.2627 �120.67 �120.0

v.100; 0/ � 103 �0.26150 �0.41228 �12.056 �12.0

	x (0,10) 50.000 120.00 120.00 120.0
Mesh 7 	x (0,0) �50.000 �120.00 �120.00 �120.0

v.20; 0/ � 104 �1.8200 �4.8000 �4.8000 �4.8

	x (0,20) 110.34 120.00 120.000 120.0
Mesh 8 	x (0,0) �110.34 �120.00 �120.000 �120.0

v.10; 0/ � 105 5.0207 �4.8000 �4.8000 �4.8

Data in bold are the results obtained by the models proposed in this paper.

Eight types of regular and distorted mesh divisions are employed (Figure 8), in which Meshes 4, 5
and 6 are so severely distorted that some quadrilateral elements degenerate into triangles or concave
quadrangles.

Results obtained by the new element US-ATFQ4, the isoparametric element Q4, and the incom-
patible Abaqus element CPS4I [6] are listed in Table V. It can be observed that the present element
US-ATFQ4 can provide good solutions even in extremely distorted meshes.

4.3. Bending problems for various rectangular cantilever beams under plane stress state

Example 4.3.1 Cantilever beam divided by five distorted quadrilateral elements (Figure 9). A can-
tilever beam, as shown in Figure 9, is divided by five irregular quadrilateral elements. And two
loading cases are considered as follows: (1) pure bending under moment M ; and (2) linear bending
under transverse force P . Results of the vertical deflection vA at point A and the stress 	xB at point
B are given in Table VI. It can be observed that, the new element US-ATFQ4 presents not only exact
solutions for pure bending case but also high precision results for linear bending case.

Example 4.3.2 Cantilever beam divided by four distorted quadrilateral elements (Figure 10). As
shown in Figure 10, a cantilever beam with fully fixed end is subjected to a quadratic distributed
shear load at its free end, and the beam is divided by four distorted quadrilateral elements. Results
of the deflections at the tip points A and B are shown in Table VII. It can be seen that the present

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2015; 103:469–500
DOI: 10.1002/nme



4-NODE PLANE MEMBRANE ELEMENT BREAKING THROUGH MACNEAL’S THEOREM 487

Figure 9. Cantilever beam divided by five distorted elements.

Table VI. The deflections and stresses at selected locations for bending
problems of a cantilever beam (Figure 9).

Load M Load P

Element model vA 	xB vA 	xB

Q6 [4] 98.4 �2428 100.4 �3354
Elements AGQ6-I [31] 100.0 �3000 102.0 �4151
that cannot AGQ6-II [31] 100.0 �3000 102.7 �4180
pass the C0 QACII6 [29] 100.0 �3000 102.7 �4180
patch test QAC-ATF4 [35] 100.0 �3000 102.4 �4029

QACIII6 [30] 100.0 �3000 102.7 �4150

Q4 45.7 �1761 50.7 �2448
QM6 [5] 96.1 �2497 98.0 �3235
CPS4I [6] 92.3 �2996 97.0 �3932
P-S [8] 96.2 �3014 98.2 �4137
NQ6 [9] 96.1 �2439 98.0 �3294
NQ10 [10] 96.0 �2986 97.9 �4021

Elements SPS [12] 101.8 �3003 — —
that can SYHP [12] 101.8 �3002 — —
pass the C0 GC-Q6 [14] 95.0 �3036 96.1 �4182
patch test QC6 [15] 96.1 �2439 98.1 �3339

QE2 [16] 96.5 �3004 98.3 �3906
NB-QE4 [19] 96.5 �3004 98.3 �3906

QACM4 [32] 96.0 �3015 98.0 �4135
CQAC6 [30] 96.0 �3015 98.0 �4135
US-ATFQ4 100.0 �3000 101.5 �3938

Exact 100.0 �3000 102.6 -4050

Data in bold are the results obtained by the models proposed in this paper.

element possesses the best precisions, even better than the elements that cannot pass the C0 patch
test, and the elements Q4S [63], D-type [64], and HSF-Q4�-7ˇ [57] with vertex drilling DOFs (the
total DOF number of the elements Q4S, D-type, and HSF-Q4�-7ˇ is 12 because of the additional
vertex drilling DOFs).

Example 4.3.3 MacNeal’s thin cantilever beam with distorted meshes (Figure 1). This example has
been described in Section 1. It is a famous benchmark [3] for testing the sensitivity to mesh distortion
of the 4-node quadrilateral membrane elements. Consider the thin beams given in Figure 1. Three
different mesh shapes are adopted: rectangle, parallelogram, and trapezoid. Besides the distortion
caused by the length-width ratio, the composite distortions of parallelogram and trapezoidal shapes
together with length-width ratio are also taken into account. Two loading cases are considered: pure
bending M and transverse linear bending P (Figure 1). The results of the tip deflection are shown
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Figure 10. Cantilever beam divided by four distorted elements.

Table VII. The deflections at selected locations for bending problem of a cantilever
beam (Figure 10).

Tip deflection Normalized value

Element Point A Point B Average Point A Point B Average

Q4 0.2126 0.2131 0.2129 0.598 0.599 0.598
QM6 [5] 0.3264 0.3286 0.3275 0.917 0.924 0.920
CPS4I [6] 0.3291 0.3315 0.3303 0.925 0.932 0.928
QACM4 [32] 0.3280 0.3305 0.3293 0.922 0.929 0.926
CQAC6 [30] 0.3280 0.3305 0.3293 0.922 0.929 0.926
AGQ6-I [31] 0.3510 0.3509 0.3510 0.987 0.986 0.987
AGQ6-II [31] 0.3535 0.3530 0.3533 0.994 0.992 0.993
QACII6 [29] 0.3535 0.3530 0.3533 0.994 0.992 0.993
QAC-ATF4 [35] 0.3523 0.3516 0.3520 0.990 0.988 0.989
QACIII6 [30] 0.3535 0.3530 0.3533 0.994 0.992 0.993
Q4S [63] — — 0.2978 — — 0.837
D-type [64] — — 0.3065 — — 0.861
HSF-Q4� -7ˇ [57] 0.3506 0.3469 0.3486 0.985 0.975 0.980
US-ATFQ4 0.3545 0.3544 0.3544 0.996 0.996 0.996

Reference value 0.3558 1.000

Data in bold are the results obtained by the models proposed in this paper.

in Table VIII. It is obvious that the present element US-ATFQ4 is free of trapezoidal locking and
insensitive to mesh distortion, although it is a model that can strictly pass the C0 patch test.

4.4. Rotational frame dependence tests

Example 4.4.1 Rotational frame dependence test on a cantilever beam under pure bending state
(Figure 11). The geometric, material, and load conditions for a pure bending cantilever beam are
given in Figure 11. This beam is divided by two distorted elements with six nodes. Let the Cartesian
coordinate system xoy rotate clockwise from ˛ D 0ı to 90ı in steps of 10ı, the stresses are solved at
each step. The exact stress solutions for pure bending state in each new coordinate system x0oy0 are

for nodes 1; 2; and 3 W 	x0 D 1:5 cos2 ˛; 	y0 D 1:5 sin2 ˛; 
x0y0 D 1:5 sin˛ cos˛I (54)

for nodes 4; 5; and 6 W 	x0 D �1:5 cos2 ˛; 	y0 D �1:5 sin2 ˛; 
x0y0 D �1:5 sin˛ cos˛:
(55)

Table IX shows the stress results obtained by the present element US-ATFQ4. It can be clearly
seen that US-ATFQ4 can provide exact pure bending solutions in all directions. This success indi-
cates that the hypothesis given in Section 2.2 is correct, that is, the linear combination � D
a00T 3 C b00S3 (in which a00 and b00 are two undetermined coefficients) may reflect exact solutions
for pure bending in all directions.
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Table VIII. The normalized results of the tip deflection for the MacNeal’s thin beam
using different meshes (Figure 1).

Load P Load M

Mesh Mesh

Element model (a) (b) (c) (a) (b) (c)

Elements Q6 [4] 0.993 0.677 0.106 1.000 0.759 0.093
that AGQ6-I [31] 0.993 0.994 0.994 1.000 1.000 1.000
cannot AGQ6-II [31] 0.993 0.994 0.994 1.000 1.000 1.000
pass the C0 QACII6 [29] 0.993 0.994 0.994 1.000 1.000 1.000
patch test QAC-ATF4 [35] 0.993 0.994 0.994 1.000 1.000 1.000

Q4 0.093 0.035 0.003 0.093 0.031 0.022
QUAD4 [3] 0.904 0.080 0.071 — — —
QM6 [5] 0.993 0.623 0.044 1.000 0.722 0.037

Elements CPS4I [6] 0.993 0.632 0.050 1.000 0.725 0.047
that can P-S [8] 0.993 0.798 0.221 1.000 0.852 0.167
pass the C0 PEAS7 [62] 0.982 0.795 0.217 — — —
patch test QACM4 [32] 0.993 0.635 0.052 1.000 0.722 0.046

F-M QUAD4-R [21] 0.984 0.963 0.932 1.000 1.000 1.000
HSF-Q4� -7ˇ [57] 0.993 0.988 0.991 1.000 1.000 1.000
US-ATFQ4 0.993 0.992 0.992 1.000 1.000 1.000

Exact 1:000� 1:000��

Data in bold are the results obtained by the models proposed in this paper.
�The standard value is �0:1081.
��The standard value is �0:0054:

Figure 11. Rotational frame dependence test on a pure bending cantilever beam.

Table IX. The invariance of the stress solutions for a pure bending cantilever beam (Figure 11).

	x0 at 	y0 at 
x0y0 at 	x0 at 	y0 at 
x0y0 at
˛ nodes nodes nodes nodes nodes nodes

(1 , 2, 3) (1, 2, 3) (1, 2, 3) (4, 5, 6) (4, 5, 6) (4, 5, 6)

0ı 1.5000 0.0000 0.0000 �1.5000 0.0000 0.0000
10ı 1.4548 0.0452 0.2565 �1.4548 �0.0452 �0.2565
20ı 1.3245 0.1755 0.4821 �1.3245 �0.1755 �0.4821
30ı 1.1250 0.3750 0.6495 �1.1250 �0.3750 �0.6495
40ı 0.8802 0.6198 0.7386 �0.8802 �0.6198 �0.7386

US-ATFQ4 45ı 0.7500 0.7500 0.7500 �0.7500 �0.7500 �0.7500
50ı 0.6198 0.8802 0.7386 �0.6198 �0.8802 �0.7386
60ı 0.3750 1.1250 0.6495 �0.3750 �1.1250 �0.6495
70ı 0.1755 1.3245 0.4821 �0.1755 �1.3245 �0.4821
80ı 0.0452 1.4548 0.2565 �0.0452 �1.4548 �0.2565
90ı 0.0000 1.5000 0.0000 0.0000 �1.5000 0.0000

Exact ˛ 1:5 cos2 ˛ 1:5 sin2 ˛ 1:5 sin˛ cos˛ �1:5 cos2 ˛ �1:5 sin2 ˛ �1:5 sin˛ cos˛
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Example 4.4.2 Rotational frame dependence test on a cantilever beam with fully fixed end
(Figure 12). The approach of Spilker et al. [66] is considered. As shown in Figure 12, a cantilever
beam is rotated counterclockwise from 0ı to 90ı in steps of 10ı, and the problem is solved for the
displacements at each step. The magnitude of displacement, that is,

p
u2 C v2 at point A is moni-

tored to study the rotational frame-dependent behavior. The mesh used in this test is also given in
Figure 12.

Table X shows the results obtained by the present element US-ATFQ4. The magnitude of dis-
placements based on an ‘overkill’ solution obtained using 20,000 8-node quadrilateral elements of
Abaqus [6] is used as a reference solution. It can be seen that the present model US-ATFQ4 provides
the invariance for the coordinate rotation.

Figure 12. Rotation dependence test: cantilever beam problem and mesh.

Table X. Results of the displacement at point A computed for the rotational frame invariance test
(Figure 12).

� uA vA

q
u2
A
C v2

A
Normalized Percentage error

0ı �2:40000E�02 �4:80000E�02 0.05367 0.9938 �0.6192%
10ı �1:53003E�02 �5:14383E�02 0.05367 0.9938 �0.6192%
20ı �0:61357E�02 �5:33137E�02 0.05367 0.9938 �0.6192%
30ı 0.32154E�02 �5:35692E�02 0.05367 0.9938 �0.6192%
40ı 1.24687E�02 �5:21970E�02 0.05367 0.9938 �0.6192%
50ı 2.13432E�02 �4:92389E�02 0.05367 0.9938 �0.6192%
60ı 2.95692E�02 �4:47846E�02 0.05367 0.9938 �0.6192%
70ı 3.68968E�02 �3:89696E�02 0.05367 0.9938 �0.6192%
80ı 4.31032E�02 �3:19705E�02 0.05367 0.9938 �0.6192%
90ı 4.80000E�02 �2:40000E�02 0.05367 0.9938 �0.6192%

Overkill solution — — 0.05400 1.0000 0.0000

Figure 13. Cook’s skew beam problem.
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4.5. Bending problems for skew beam, curving beam, and wedge

Example 4.5.1 Cook’s skew beam problem (Figure 13). As shown in Figure 13, a skew cantilever
under plane stress condition is subjected to a shear distributed load at the free edge. This example
was proposed by Cook et al. [67]. The results of vertical deflection at point C, the maximum prin-
cipal stress at point A, and the minimum principal stress at point B are all listed in Table XI. The
present element US-ATFQ4 exhibits very good convergence.

Example 4.5.2 Bending of a thick curving beam (Figure 14). As shown in Figure 14, a thick curving
cantilever beam meshed into four elements is subjected to a transverse force at its tip. The results of
the vertical tip deflection at point A are shown in Table XII. Better solutions can be obtained by the
proposed elements than those by other models that can pass the C0 patch test.

Example 4.5.3 Bending of a thin curving beam (Figure 15). As shown in Figure 15, a thin curving
cantilever beam is subjected to a transverse force P at the tip, and it is meshed into five elements.
The Poisson ratio is � D 0:0. Two ratios of thickness-radius, (1) h=R D 0:03.E D 365; 010:0/

and (2) h=R D 0:006.E D 4; 4027; 109:0/, are considered. The results of the tip displacement are
listed in Table XIII.

Figure 14. Bending of a thick curving beam.

Table XII. The tip deflection of a thick curving beam (Figure 14).

Element Q4 QM6 [5] P-S [8] CPS4I [6] PEAS7 [62] QACM4 [32] US-ATFQ4 Exact solution

vA 57.9 83.6 84.6 84.6 84.6 84.6 86.3 90.1

Data in bold are the results obtained by the models proposed in this paper.

Figure 15. Bending of a thin curving beam.
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Compared with the mesh used in the previous example, the shape of the elements in this example
becomes much narrower. The length-width ratio of the elements reaches 10 when h=R D 0:03 and
will be larger if h=R D 0:006; and each of the elements is a trapezoid, so the distortion becomes
much more serious. From Table XIII, it can be observed that isoparametric elements Q4, Q6, QM6,
and QUAD4 are very sensitive to the mesh distortion caused by the increase of the length-width ratio
and even locked under the case of h=R D 0:006, while the new element US-ATFQ4 is insensitive
to this kind of distortion and presents the best result.

Example 4.5.4 A wedge subjected to a uniformly distributed load (Figure 16). As shown in
Figure 16, a cantilever wedge is subjected to a uniformly distributed load q. Because of its triangu-
lar shape, the wedge cannot be modeled without the use of triangular and/or distorted quadrilateral
elements. The theoretical solutions for this problem are given in [65]

	r D
q

tg˛�˛ .˛ � � � sin � cos � � sin2 � tg˛/
	� D

q
tg˛�˛ .˛ � � C sin � cos � � cos2 � tg˛/


r� D
q

2.tg˛�˛/ .1C sin2 � � cos2 � � 2tg˛ sin � cos �/

9>=
>; : (56)

Because the present quadrilateral element US-ATFQ4 can still perform well when its shape degen-
erates into triangle, it can therefore be readily used to model the wedge problem. As shown in
Figure 16, three mesh divisions, 1 � 6; 2 � 12; and 4 � 24, are employed, in which some elements

Table XIII. The tip deflection of a thin curving beam (Figure 15).

h=R Q4 QUAD4 [3] Q6 [4] QM6 [5] CPS4I [6] QACM4 [32] US-ATFQ4 Exact solution

0.03 0.016 0.615 0.770 0.339 0.650 0.639 0.987 1.000
0.006 0.001 0.163 0.285 0.022 0.173 0.026 0.987 1.000

Data in bold are the results obtained by the models proposed in this paper.

Figure 16. A wedge subjected to a uniformly distributed load.

Table XIV. US-ATFQ4 results of radial stress at selected points for a
wedge subjected to a uniformly distributed load (Figure 16).

Mesh 1 � 6 2 � 12 4 � 24 Exact [65]

	r at point A (0, 5) 7.7143 7.5813 7.5821 7.5792(1.78%) (0.03%) (0.04%)

	r at point B (1, 5) �7.9241 �7.7430 �7.6883
�7.6792(3.19%) (0.83%) (0.12%)
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are triangular in shape. Numerical results and the percentage errors of the radial stresses at selected
points are listed in Tables XIV. Again, the present element US-ATFQ4 performs very well for such
high-order bending problem.

4.6. Nearly incompressible problems

Example 4.6.1 MacNeal’s thin beam under plane strain condition (Figure 1). The MacNeal’s thin
beam problem given in Example 4.3.3 is considered again. The tip deflection is re-computed under
plain strain condition by varying the Poisson’s ratio as � D 0:49; 0:499; 0:4999; and 0.49999.
Results obtained by the present element and some other models are summarized in Table XV.
The exact solutions for pure and linear bending states are taken as the reference solutions. It can
be seen that the new element US-ATFQ4 is the only model that is free of the volumetric locking
in all meshes.

Example 4.6.2 Thick-walled cylinder (Figure 17). A thick-walled cylinder under plane strain con-
dition is subjected to a uniformly distributed internal pressure p D 1. Because of symmetry, only
a quarter of the cylinder is considered, as shown in Figure 17. The exact solution of the radial
displacement ur is given in

ur D
.1C �/pR21
E
�
R22 �R

2
1

� �R22=r C .1 � 2�/r� ; (57)

where R1 is the inner radius and R2 is the outer radius. In this example, let R1 D 3;R2 D 9.
So, when the Poisson’s ratio � D 0:49; 0:499; 0:4999, the corresponding radial displacement ur at
r D R1 are 5:0399 � 10�3; 5:0602 � 10�3; 5:0623 � 10�3, respectively.

Table XVI shows the normalized results of the radial displacement ur at r D R1. It can be seen
again that the present element US-ATFQ4 is free of the volumetric locking.

Figure 17. Thick-walled cylinder. Inner radius = 3.0; outer radius = 9.0: thickness = 1.0; E D 1000I� D
0:49; 0:499; 0:4999; plane strain condition; loading: unit pressure at inner radius.

Table XVI. Normalized radial displacement at inner radius for a thick-walled
cylinder (Figure 17).

Normalized radial displacement at inner radius

Poisson’s ratio � Q4 QUAD4 [3] CPE4H [6] CPE4I [6] US-ATFQ4

0.49 0.845 0.846 0.994 0.986 0.973
0.499 0.359 0.359 0.994 0.986 0.973
0.4999 0.053 0.053 0.994 0.986 0.973

Data in bold are the results obtained by the models proposed in this paper.
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It is well known that once some appropriate incompatible displacement modes (higher order dis-
placements) are considered for a 4-node, 8-DOF plane membrane element, the element performance
in nearly incompressible problems will be greatly improved, just like the results given in the Abaqus
element CPE4I (Tables XV and XVI). It seems that the performance of the new unsymmetric ele-
ment is strongly controlled by the second set of the assumed displacement fields, in which the pure
bending (higher order displacements) modes in physical coordinates are introduced. Therefore, so
long as the Poisson’s ratio does not equal to 0.5, element US-ATFQ4 will also perform well in
nearly incompressible problems. Furthermore, compared with elements formulated by isoparametric
coordinates (such as CPE4I), element US-ATFQ4 is much more insensitive to mesh distortions.
However, the theoretical and mathematical explanations still need further studies.

5. CONCLUDING REMARKS

In this paper, by combination of three advanced element techniques, including the unsymmetric
element method, the QACM-II, and the analytical trial function method, a 4-node plane quadrilat-
eral element US-ATFQ4 is successfully developed by a novel composite coordinate interpolation
scheme. Numerical examples show that the new element is insensitive to various severe mesh distor-
tions, free of the trapezoidal and the volumetric locking, and can satisfy both the classical first-order
patch test and the second-order patch test for pure bending. Furthermore, because of usage of
the QACM-II, the new element provides the invariance for the coordinate rotation. It seems that
the present model completely breaks through the well-known contradiction defined by MacNeal’s
theorem [1, 2], that is, any 4-node, 8-DOF membrane element will either lock in in-plane bending or
fail to pass a C0 patch test when the element’s shape is an isosceles trapezoid. To date, it can hardly
find any other similar 4-node, 8-DOF plane element, which can achieve all points described earlier.

Because the element stiffness matrix of the new element US-ATFQ4 is unsymmetric, the unsym-
metric solvers, which may bring a few additional computation costs, are required. But this is not a
serious issue in most of the problems in structural analyses [46–53]. Actually, in finite element anal-
ysis, strongly coupled problems and material nonlinearity may bring unsymmetry to the element
matrices. So, the unsymmetric solvers have already been included in some finite element computer
codes [68].

Cowan and Coombs [69] admitted the excellent performance of unsymmetric element (8-node
plane element US-ATFQ8) with analytical trial functions in elasticity but claimed that it cannot
be used in nonlinear problems. This conclusion may not be correct. Although the analytical trial
functions come from the analytical solutions satisfying all governing equations for linear elasticity,
but from the viewpoint of mathematics, they are only the combinations of physical coordinates
with material constants. So long as an appropriate algorithm for updating coordinates and material
constants is designed, such element should be able to extend to nonlinear applications. For example,
by solving incremental form of the governing equations, the hybrid Trefftz finite element method,
which is also based on the analytical solutions of elasticity, has already been successfully applied in
various nonlinear problems [54, 70, 71].

Furthermore, how to extend this method to three-dimensional applications is another interest-
ing and challenging topic. Although a three-dimensional hexahedral volume coordinate method
(HVCM) corresponding to QACM-I has been proposed [72], it cannot be easily used because this
HVCM contains six coordinate components. So, the most important thing is to establish a new
HVCM (has only three coordinate components) corresponding to QACM-II and to find the basic
analytical solutions in terms of the new HVCM.

In summary, there are still many challenging works that remain outstanding.

APPENDIX A: THE DETAILED DERIVATION OF EQUATION (49)

For a plane finite element model, the virtual work principle [46] can be written asZZ
Ae
ı N©T O� tdA �

ZZ
Ae
ı NuTbtdA �

Z
� e
ı NuTTtds � ı NuT

c fc D 0; (A.1)
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in which t is the thickness of the element; Ae is the element area; 
 e is the element boundary; O� is
the real stress vector of the element; b;T; and fc are the real body, the surface, and the concentrated
forces of the element, respectively; ı Nuc is the vector of virtual displacements at the points of appli-
cation of the concentrated forces; ı Nu is the virtual displacement fields; and ı N© is the corresponding
virtual strain fields.

Two sets of the assumed displacement fields are considered.
The first set is the parametric displacement fields and given in Equation (29), and the correspond-

ing strain fields are given in Equation (32). The assumed virtual displacements and strains will
employ the same interpolation functions and can be written as

ı Nu D NNıqe; (A.2)

ı N© D NBqe; (A.3)

where NN and NB are given in Equations (30) and (33), respectively; ıqe is the nodal virtual displace-
ment vector. So, the virtual displacements are exactly compatible between two adjacent elements.

The second set of the assumed displacement and the corresponding strain fields are given in
Equations (42) and (43), which can be rewritten as

Ou D P Od�1qe; (A.4)

O© D OBqe: (A.5)

Substitution of Equations (A.2), (A.3), and (A.5) into (A.1) yields

ZZ
Ae
ı N©T O¢tdA �

ZZ
Ae
ı NuTbtdA �

Z
� e
ı NuTTtds � ı NuT

c fc

D

ZZ
Ae
ı N"TDO©tdA �

ZZ
Ae
ı NuTbtdA �

Z
� e
NuTTtds � ı NuT

c fc

D .ıqe/T

ZZ

Ae

NBTD OBqetdA �
ZZ

Ae

NNTbtdA �
Z
� e

NNTTtds � NNT
c fc

�
;

D .ıqe/T.Keqe � Fe/

D 0

(A.6)

in which

Ke D

ZZ
Ae

NBTD OBtdA; (A.7)

Fe D
ZZ

Ae

NNTbtdAC
Z
� e

NNTTtds C NNT
c fc : (A.8)

Because of the arbitrariness of ıqe in Equation (A.6), the following finite element equation can
be obtained

Keqe � Fe D 0; (A.9)
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where Fe is the nodal equivalent load vector of the element; Ke is the element stiffness matrix of
the unsymmetric element. Substitution of Equations (33) and (45) into (A.7) yields

Ke D

ZZ
Ae

NBTD OBtdA D
Z 1

�1

Z 1

�1

NB�
T

jJj
D OB jJj td�d�

D

Z 1

�1

Z 1

�1

NB�
T
D OBtd�d� D

Z 1

�1

Z 1

�1

NB�
T OStd�d�

D

Z 1

�1

Z 1

�1

NB�
T OP Od�1td�d�

(A.10)

Thus, Equation (49) is obtained.
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